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2
1 Introduction
In this document, the calculations of the AC power balance and flow equa-
tions [1] used by MATPOWER will be extended to include adjustable tap ra-
tios. The same definitions and notation as in [1] will be used, as well as the
MATPOWER user manual [2].
The tap ratios are explained on pages 16 and 17 of the manual [2]. However, in
the latest version of MATPOWER (version 4.1), these tap ratios are fixed. In
this document, it will be shown how to include these variables in the optimisa-
tion procedure by adding them as variables to the optimal power flow problem
(OPF).
2 Derivative of Ybus matrix
In this section, the new variables τ and θ are introduced. Then the derivative
of the Ybus matrix with respect to these new variables is given.
Using the definitions and the notation from [1], we add two extra variables to
the vector X :
X =


Θ
V
Pg
Qg
τ
θ


with τ and θ the transformer tap ratio magnitudes and angles respectively.
The following comes from p. 19 of the manual [2]:
Sbus = [V ]I
∗
bus = [V ]Y
∗
busV
∗
Ybus = C
T
f [Yff ]Cf + C
T
f [Yft]Ct + C
T
t [Ytf ]Cf + C
T
t [Ytt]Ct + [Ysh]
Note that the Ybus matrix is a function of the new variables τ and θ, but not
of any of the other variables. Using p. 17 of the manual [2] for definitions of
Yff , Yft, Ytf and Ytt, we can calculate the following derivatives with respect to
τ and θ:
Yffτ = [−2Yff ][τ ]
−1, Yffθ = 0
Yftτ = [−Yft][τ ]
−1, Yftθ = j[Yft]
Ytfτ = [−Ytf ][τ ]
−1, Ytfθ = −j[Ytf ]
Yttτ = 0, Yttθ = 0
Since Ybus is a matrix, it is more practical to calculate the derivative of Ybusγ,
where γ is any vector of the right size:
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(Ybusγ)τ =
∂
∂τ
(CTf [Yff ]Cfγ + C
T
f [Yft]Ctγ + C
T
t [Ytf ]Cfγ + C
T
t [Ytt]Ctγ + [Ysh]γ)
=
∂
∂τ
(CTf [Cfγ]Yff + C
T
f [Ctγ]Yft + C
T
t [Cfγ]Ytf + C
T
t [Ctγ]Ytt + [Ysh]γ)
= CTf [Cfγ][−2Yff ][τ ]
−1 + CTf [Ctγ][−Yft][τ ]
−1 + CTt [Cfγ][−Ytf ][τ ]
−1
(Ybusγ)θ =
∂
∂θ
(CTf [Cfγ]Yff + C
T
f [Ctγ]Yft + C
T
t [Cfγ]Ytf + C
T
t [Ctγ]Ytt + [Ysh]γ)
= CTf [Ctγ][jYft] + C
T
t [Cfγ][−jYtf ]
3 First and second derivatives of power balance
equations
The function in the power balance equation Gs(X) = Sbus + Sd − CgSg = 0,
with Sbus = [V ]I
∗
bus = [V ]Y
∗
busV
∗, now gets two new first derivatives:
GsX =
[
GsΘ G
s
V G
s
Pg
GsQg G
s
τ G
s
θ
]
Using the derivatives of Ybus above, we have the following result for the first
derivatives:
Gsτ = [V ](Y
∗
busV
∗)τ = [V ]
(
CTf [CfV
∗][−2Y ∗ff ][τ ]
−1 + CTf [CtV
∗][−Y ∗ft][τ ]
−1 + CTt [CfV
∗][−Y ∗tf ][τ ]
−1
)
Gsθ = [V ](Y
∗
busV
∗)θ = [V ]
(
CTf [CtV
∗][−jY ∗ft] + C
T
t [CfV
∗][jY ∗tf ]
)
The second derivative matrix becomes a matrix consisting of 16 terms:
GsXX(λ) =


Gs
ΘΘ
(λ) Gs
ΘV
(λ) 0 0 Gs
Θτ (λ) G
s
Θθ(λ)
Gs
VΘ
(λ) Gs
VV
(λ) 0 0 Gs
Vτ (λ) G
s
Vθ(λ)
0 0 0 0 0 0
0 0 0 0 0 0
GsτΘ(λ) G
s
τV(λ) 0 0 G
s
ττ (λ) G
s
τθ(λ)
GsθΘ(λ) G
s
θV(λ) 0 0 G
s
θτ (λ) G
s
θθ(λ)


The first four second derivatives have already been derived [1]. The derivation
of the twelve new second derivatives is shown on the following pages.
4
GsΘτ (λ) =
∂
∂τ
(Gs
T
Θ λ)
=
∂
∂τ
j([I∗bus]− [V
∗]Y ∗
T
bus)[V ]λ
=
∂
∂τ
j([V ][λ]I∗bus − [V
∗]Y ∗
T
bus[V ]λ)
=
∂
∂τ
j([V ][λ](CTf [Y
∗
ff ]CfV
∗ + CTf [Y
∗
ft]CtV
∗ + CTt [Y
∗
tf ]CfV
∗ + CTt [Y
∗
tt ]CtV
∗)
− [V ∗](CTf [Y
∗
ff ]Cf + C
T
t [Y
∗
ft]C
T
f + C
T
f [Y
∗
tf ]Ct + C
T
t [Y
∗
tt ]Ct)[V ]λ))
=
∂
∂τ
j
(
[V ][λ](CTf [CfV
∗]Y ∗ff + C
T
f [CtV
∗]Y ∗ft + C
T
t [CfV
∗]Y ∗tf + C
T
t [CtV
∗]Y ∗tt)
− [V ∗](CTf [Cf [V ]λ]Y
∗
ff + C
T
t [Cf [V ]λ]Y
∗
ft + C
T
f [Ct[V ]λ]Y
∗
tf + C
T
t [Ct[V ]λ]Y
∗
tt)
)
= j
(
[V ][λ]
(
CTf [CfV
∗][−2Y ∗ff ] + C
T
f [CtV
∗][−Y ∗ft] + C
T
t [CfV
∗][−Y ∗tf ]
)
− [V ∗]
(
CTf [Cf [V ]λ][−2Y
∗
ff ] + C
T
t [Cf [V ]λ][−Y
∗
ft] + C
T
f [Ct[V ]λ][−Y
∗
tf ])
)
[τ ]−1
GsΘθ(λ) =
∂
∂θ
j
(
[V ][λ](CTf [CfV
∗]Y ∗ff + C
T
f [CtV
∗]Y ∗ft + C
T
t [CfV
∗]Y ∗tf + C
T
t [CtV
∗]Y ∗tt)
− [V ∗](CTf [Cf [V ]λ]Y
∗
ff + C
T
t [Cf [V ]λ]Y
∗
ft + C
T
f [Ct[V ]λ]Y
∗
tf + C
T
t [Ct[V ]λ]Y
∗
tt)
)
= j
(
[V ][λ](CTf [CtV
∗][−jY ∗ft] + C
T
t [CfV
∗][jY ∗tf ])
− [V ∗](CTt [Cf [V ]λ][−jY
∗
ft] + C
T
f [Ct[V ]λ][jY
∗
tf ])
)
GsVτ (λ) =
∂
∂τ
(Gs
T
V λ)
=
∂
∂τ
[V ]−1([I∗bus] + [V
∗]Y ∗
T
bus)[V ]λ
=
∂
∂τ
[V ]−1([V ][λ]I∗bus + [V
∗]Y ∗
T
bus[V ]λ)
=
∂
∂τ
[V ]−1([V ][λ](CTf [Y
∗
ff ]CfV
∗ + CTf [Y
∗
ft]CtV
∗ + CTt [Y
∗
tf ]CfV
∗ + CTt [Y
∗
tt ]CtV
∗)
+ [V ∗](CTf [Y
∗
ff ]Cf + C
T
t [Y
∗
ft]C
T
f + C
T
f [Y
∗
tf ]Ct + C
T
t [Y
∗
tt ]Ct)[V ]λ)
=
∂
∂τ
[V ]−1
(
[V ][λ](CTf [CfV
∗]Y ∗ff + C
T
f [CtV
∗]Y ∗ft + C
T
t [CfV
∗]Y ∗tf + C
T
t [CtV
∗]Y ∗tt)
+ [V ∗](CTf [Cf [V ]λ]Y
∗
ff + C
T
t [Cf [V ]λ]Y
∗
ft + C
T
f [Ct[V ]λ]Y
∗
tf + C
T
t [Ct[V ]λ]Y
∗
tt)
)
= [V ]−1
(
[V ][λ](CTf [CfV
∗][−2Y ∗ff ][τ ]
−1 + CTf [CtV
∗][−Y ∗ft][τ ]
−1 + CTt [CfV
∗][−Y ∗tf ][τ ]
−1)
+ [V ∗](CTf [Cf [V ]λ][−2Y
∗
ff ][τ ]
−1 + CTt [Cf [V ]λ][−Y
∗
ft][τ ]
−1 + CTf [Ct[V ]λ][−Y
∗
tf ][τ ]
−1)
)
GsVθ(λ) =
∂
∂θ
[V ]−1
(
[V ][λ](CTf [CfV
∗]Y ∗ff + C
T
f [CtV
∗]Y ∗ft + C
T
t [CfV
∗]Y ∗tf + C
T
t [CtV
∗]Y ∗tt)
+ [V ∗](CTf [Cf [V ]λ]Y
∗
ff + C
T
t [Cf [V ]λ]Y
∗
ft + C
T
f [Ct[V ]λ]Y
∗
tf + C
T
t [Ct[V ]λ]Y
∗
tt)
)
= [V ]−1
(
[V ][λ](CTf [CtV
∗][−jY ∗ft] + C
T
t [CfV
∗][jY ∗tf ])
+ [V ∗](CTt [Cf [V ]λ][−jY
∗
ft] + C
T
f [Ct[V ]λ][jY
∗
tf ])
)
GsτΘ(λ) =
∂
∂Θ
(Gs
T
τ λ)
=
∂
∂Θ
[τ ]−1
(
[−2Y ∗ff ][CfV
∗]Cf + [−Y
∗
ft][CtV
∗]Cf + [−Y
∗
tf ][CfV
∗]Ct
)
[V ]λ
=
∂
∂Θ
[τ ]−1
(
[−2Y ∗ff ][CfV
∗]Cf + [−Y
∗
ft][CtV
∗]Cf + [−Y
∗
tf ][CfV
∗]Ct
)
[λ]V
= [τ ]−1
(
[−2Y ∗ff ][CfV
∗]Cf + [−Y
∗
ft][CtV
∗]Cf + [−Y
∗
tf ][CfV
∗]Ct
)
[λ][jV ]
+ [τ ]−1
(
[−2Y ∗ff ][Cf [λ]V ]Cf [−jV
∗] + [−Y ∗ft][Cf [λ]V ]Ct[−jV
∗] + [−Y ∗tf ][Ct[λ]V ]Cf [−jV
∗]
)
= GsΘτ (λ)
T
GsτV(λ) =
∂
∂V
[τ ]−1
(
[−2Y ∗ff ][CfV
∗]Cf + [−Y
∗
ft][CtV
∗]Cf + [−Y
∗
tf ][CfV
∗]Ct
)
[λ]V
= [τ ]−1
(
[−2Y ∗ff ][CfV
∗]Cf + [−Y
∗
ft][CtV
∗]Cf + [−Y
∗
tf ][CfV
∗]Ct
)
[λ][V ][V ]−1
+ [τ ]−1
(
[−2Y ∗ff ][Cf [λ]V ]Cf [V
∗][V ]−1 + [−Y ∗ft][Cf [λ]V ]Ct[V
∗][V ]−1
+ [−Y ∗tf ][Ct[λ]V ]Cf [V
∗][V ]−1
)
= GsVτ (λ)
T
GsθΘ(λ) =
∂
∂Θ
(Gs
T
θ λ)
=
∂
∂Θ
([−jY ∗ft][CtV
∗]Cf + [jY
∗
tf ][CfV
∗]Ct)[λ]V
=
(
[−jY ∗ft][CtV
∗]Cf + [jY
∗
tf ][CfV
∗]Ct
)
[λ][jV ]
+ [−jY ∗ft][Cf [λ]V ]Ct[−jV
∗] + [jY ∗tf ][Ct[λ]V ]Cf [−jV
∗]
= GsΘθ(λ)
T
GsθV(λ) =
∂
∂V
([−jY ∗ft][CtV
∗]Cf + [jY
∗
tf ][CfV
∗]Ct)[λ]V
=
(
[−jY ∗ft][CtV
∗]Cf + [jY
∗
tf ][CfV
∗]Ct
)
[λ][V ][V ]−1
+ [−jY ∗ft][Cf [λ]V ]Ct[V
∗][V ]−1 + [jY ∗tf ][Ct[λ]V ]Cf [V
∗][V ]−1
= GsVθ(λ)
T
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Gsττ (λ) =
∂
∂τ
(Gs
T
τ λ)
=
∂
∂τ
[τ ]−1
(
[−2Y ∗ff ][CfV
∗]Cf + [−Y
∗
ft][CtV
∗]Cf + [−Y
∗
tf ][CfV
∗]Ct
)
[V ]λ
=
∂
∂τ
(
[−2Y ∗ff ][CfV
∗][Cf [V ]λ] + [−Y
∗
ft][CtV
∗][Cf [V ]λ] + [−Y
∗
tf ][CfV
∗][Ct[V ]λ]
)
τ.−1
= [τ ]−1
(
[CfV
∗][Cf [V ]λ][4Y
∗
ff ][τ ]
−1 + [CtV
∗][Cf [V ]λ][Y
∗
ft][τ ]
−1 + [CfV
∗][Ct[V ]λ][Y
∗
tf ][τ ]
−1
)
+
(
[2Y ∗ff ][CfV
∗][Cf [V ]λ] + [Y
∗
ft][CtV
∗][Cf [V ]λ] + [Y
∗
tf ][CfV
∗][Ct[V ]λ]
)
[τ ]−2
= [τ ]−2
(
[6Y ∗ff ][CfV
∗][Cf [V ]λ] + [2Y
∗
ft][CtV
∗][Cf [V ]λ] + [2Y
∗
tf ][CfV
∗][Ct[V ]λ]
)
Gsτθ(λ) =
∂
∂θ
([−2Y ∗ff ][CfV
∗][Cf [V ]λ] + [−Y
∗
ft][CtV
∗][Cf [V ]λ] + [−Y
∗
tf ][CfV
∗][Ct[V ]λ])τ.
−1
=
∂
∂θ
[τ ]−1(−2[CfV
∗][Cf [V ]λ]Y
∗
ff +−[CtV
∗][Cf [V ]λ]Y
∗
ft +−[CfV
∗][Ct[V ]λ]Y
∗
tf )
= [τ ]−1([CtV
∗][Cf [V ]λ][jY
∗
ft] + [CfV
∗][Ct[V ]λ][−jY
∗
tf ])
Gsθτ (λ) =
∂
∂τ
(Gs
T
θ λ)
=
∂
∂τ
([−jY ∗ft][CtV
∗]Cf + [jY
∗
tf ][CfV
∗]Ct)[V ]λ
=
∂
∂τ
(−j[CtV
∗][Cf [V ]λ]Y
∗
ft + j[CfV
∗][Ct[V ]λ]Y
∗
tf )
= −j[CtV
∗][Cf [V ]λ][−Y
∗
ft][τ ]
−1 + j[CfV
∗][Ct[V ]λ][−Y
∗
tf ][τ ]
−1
= Gsτθ(λ) = G
s
τθ(λ)
T
Gsθθ(λ) =
∂
∂θ
(−j[CtV
∗][Cf [V ]λ]Y
∗
ft + j[CfV
∗][Ct[V ]λ]Y
∗
tf )
= −[CtV
∗][Cf [V ]λ][Y
∗
ft]− [CfV
∗][Ct[V ]λ][Y
∗
tf ]
Here, the notation τ.−1 is used for elementwise exponentiation of a vector.
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4 First and second derivatives of line flow con-
straints
The functions of the line flow constraints hf (Θ,V) = |Ff (Θ,V)|−Fmax ≤ 0 and
ht(Θ,V) = |Ft(Θ,V)| − Fmax ≤ 0 get new derivatives depending on the chosen
form of flow constraints (p. 30 of [2]). In this document, it is assumed that the
constraints depend on the current I, not on the real or apparent power. This
gives Ff = If and Ft = It, and we have the following derivatives with respect
to variables τ and θ:
∂If
∂X
=
[
∂If
∂Θ
∂If
∂V
∂If
∂Pg
∂If
∂Qg
∂If
∂τ
∂If
∂θ
]
. (1)
The first four derivatives have already been calculated [1]. The other two can
be derived as follows, for both If and It:
∂If
∂τ
=
∂
∂τ
([Yff ]CfV + [Yft]CtV )
=
∂
∂τ
([CfV ]Yff + [CtV ]Yft)
= [CfV ][−2Yff ][τ ]
−1 + [CtV ][−Yft][τ ]
−1
∂If
∂θ
=
∂
∂θ
([CfV ]Yff + [CtV ]Yft)
= [CtV ][jYft].
∂It
∂τ
=
∂
∂τ
([Ytf ]CfV + [Ytt]CtV )
=
∂
∂τ
([CfV ]Ytf + [CtV ]Ytt)
= [CfV ][−Ytf ][τ ]
−1
∂It
∂θ
=
∂
∂θ
([CfV ]Ytf + [CtV ]Ytt)
= [CfV ][−jYtf ].
The second derivatives matrix becomes a matrix consisting of 16 terms, of which
the first four have already been derived [1]:
IfXX (µ) =


IfΘΘ(µ) IfΘV (µ) 0 0 IfΘτ (µ) IfΘθ (µ)
IfVΘ(µ) IfVV (µ) 0 0 IfVτ (µ) IfVθ (µ)
0 0 0 0 0 0
0 0 0 0 0 0
IfτΘ(µ) IfτV (µ) 0 0 Ifττ (µ) Ifτθ (µ)
IfθΘ(µ) IfθV (µ) 0 0 Ifθτ (µ) Ifθθ (µ)


.
The other 12 derivatives can be derived as follows:
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IfΘτ (µ) =
∂
∂τ
(ITfΘµ)
=
∂
∂τ
(j[V ](CTf [Yff ] + C
T
t [Yft])µ)
=
∂
∂τ
(j[V ](CTf [µ]Yff + C
T
t [µ]Yft))
= j[V ](CTf [µ][−2Yff ][τ ]
−1 + CTt [µ][−Yft][τ ]
−1)
IfΘθ (µ) =
∂
∂θ
(j[V ](CTf [µ]Yff + C
T
t [µ]Yft))
= j[V ]CTt [µ][jYft]
IfVτ (µ) =
∂
∂τ
(ITfVµ)
=
∂
∂τ
(
[V ]−1[V ](CTf [Yff ] + C
T
t [Yft])µ
)
=
∂
∂τ
(
[V ]−1[V ](CTf [µ]Yff + C
T
t [µ]Yft)
)
= [V ]−1[V ](CTf [µ][−2Yff ][τ ]
−1 + CTt [µ][−Yft][τ ]
−1)
IfVθ (µ) =
∂
∂θ
(
[V ]−1[V ](CTf [µ]Yff + C
T
t [µ]Yft)
)
= [V ]−1[V ]CTt [µ][jYft]
IfτΘ(µ) =
∂
∂Θ
(ITfτµ)
=
∂
∂Θ
([τ ]−1[−2Yff ][CfV ]µ+ [τ ]
−1[−Yft][CtV ]µ)
= [τ ]−1[−2Yff ][µ]Cf [jV ] + [τ ]
−1[−Yft][µ]Ct[jV ]
= IfΘτ (µ)
T
IfτV (µ) =
∂
∂V
([τ ]−1[−2Yff ][CfV ]µ+ [τ ]
−1[−Yft][CtV ]µ)
= [τ ]−1[−2Yff ][µ]Cf [V ][V ]
−1 + [τ ]−1[−Yft][µ]Ct[V ][V ]
−1
= IfVτ (µ)
T
IfθΘ (µ) =
∂
∂Θ
(ITfθµ)
=
∂
∂Θ
([jYft][CtV ]µ)
= [jYft][µ]Ct[jV ]
= IfΘθ (µ)
T
IfθV (µ) =
∂
∂V
([jYft][CtV ]µ)
= [jYft][µ]Ct[V ][V ]
−1
= IfVθ (µ)
T
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Ifττ (µ) =
∂
∂τ
([τ ]−1[−2Yff ][CfV ]µ+ [τ ]
−1[−Yft][CtV ]µ)
=
∂
∂τ
(−2[τ ]−1[CfV ][µ]Yff − [τ ]
−1[CtV ][µ]Yft)
= 6[τ ]−2[CfV ][µ][Yff ] + 2[τ ]
−2[CtV ][µ][Yft])
Ifτθ (µ) =
∂
∂θ
(−2[τ ]−1[CfV ][µ]Yff − [τ ]
−1[CtV ][µ]Yft)
= −[τ ]−1[CtV ][µ][jYft]
Ifθτ (µ) =
∂
∂τ
[CtV ][jYft]µ
= [CtV ][µ][−jYft][τ ]
−1
= Ifτθ (µ) = Ifτθ (µ)
T
Ifθθ (µ) =
∂
∂θ
[CtV ][jYft]µ
= [CtV ][µ][−Yft]
Similar derivations hold for It:
ItΘτ (µ) =
∂
∂τ
(ITtΘµ)
=
∂
∂τ
(
j[V ](CTf [Ytf ] + C
T
t [Ytt])µ
)
=
∂
∂τ
(
j[V ](CTf [µ]Ytf + C
T
t [µ]Ytt)
)
= j[V ]CTf [µ][−Ytf ][τ ]
−1
ItΘθ (µ) =
∂
∂θ
(
j[V ](CTf [µ]Ytf + C
T
t [µ]Ytt)
)
= j[V ]CTf [µ][−jYtf ]
ItVτ (µ) =
∂
∂τ
(ITtVµ)
=
∂
∂τ
(
[V ]−1[V ](CTf [Ytf ] + C
T
t [Ytt])µ
)
=
∂
∂τ
(
[V ]−1[V ](CTf [µ]Ytf + C
T
t [µ]Ytt)
)
= [V ]−1[V ](CTf [µ][−Ytf ][τ ]
−1
ItVθ (µ) =
∂
∂θ
(
[V ]−1[V ](CTf [µ]Ytf + C
T
t [µ]Ytt)
)
= [V ]−1[V ]CTf [µ][−jYtf ]
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ItτΘ(µ) = ItΘτ (µ)
T
ItτV (µ) = ItVτ (µ)
T
ItθΘ(µ) = ItΘθ (µ)
T
ItθV (µ) = ItVθ (µ)
T
Itττ (µ) =
∂
∂τ
([τ ]−1[−Ytf ][CfV ]µ)
=
∂
∂τ
(−[τ ]−1[CfV ][µ]Ytf )
= 2[τ ]−2[CfV ][µ][Ytf ])
Itτθ (µ) =
∂
∂θ
(−[τ ]−1[CfV ][µ]Ytf )
= −[τ ]−1[CfV ][µ][−jYtf ]
Itθτ (µ) =
∂
∂τ
[CfV ][−jYtf ]µ
= [CfV ][µ][jYtf ][τ ]
−1
= Itτθ (µ)
T
Ifθθ (µ) =
∂
∂θ
[CfV ][−jYtf ]µ
= [CfV ][µ][−Ytf ]
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